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Abstract The energy-momentum tensor in chiral QCD, Tµν , exhibits an anomaly, viz. Θ0 := Tµµ 6= 0.
Measured in the proton, this anomaly yields m2p, where mp is the proton’s mass; but, at the same
time, when computed in the pion, the answer is m2pi = 0. Any attempt to understand the origin
and nature of mass, and identify observable expressions thereof, must explain and unify these two
apparently contradictory results, which are fundamental to the nature of our Universe. Given the
importance of Poincare´-invariance in modern physics, the utility of a frame-dependent approach to
this problem seems limited. That is especially true of any approach tied to a rest-frame decomposition
of Tµν because a massless particle does not possess a rest-frame. On the other hand, the dynamical
chiral symmetry breaking (DCSB) paradigm, connected with a Poincare´-covariant treatment of the
continuum bound-state problem, provides a straightforward, simultaneous explanation of both these
identities, and also a diverse array of predictions, testable at existing and proposed facilities. From this
perspective, 〈pi|Θ0|pi〉 = 0 owing to exact, symmetry-driven cancellations which occur between one-
body dressing effects and two-body-irreducible binding interactions in any well-defined computation of
the forward scattering amplitude that defines this expectation value in the pseudoscalar meson. The
cancellation is incomplete in any other hadronic bound state, with a remainder whose scale is set by
the size of one-body dressing effects.
1 Introduction
Classical chromodynamics (CCD) is a non-Abelian local gauge field theory. As with all such theories
formulated in four spacetime dimensions, no mass-scale exists in the absence of Lagrangian masses for
the fermions. There is no dynamics in a scale-invariant theory, only kinematics: the theory looks the
same at all length-scales and hence there can be no clumps of anything. Bound-states are therefore
impossible and, accordingly, our Universe cannot exist. Spontaneous symmetry breaking, as realised
via the Higgs mechanism, does not solve this problem because normal matter is constituted from
light-quarks, u and d, and the masses of the neutron and proton, the kernels of all visible matter, are
roughly 100-times larger than anything the Higgs can produce in connection with u- and d-quarks.
Consequently, the question of how did the Universe come into being is inseparable from the questions
of how does a mass-scale appear and why does it have the value we observe?
Modern quantum field theories are not built simply on Lorentz invariance. The effect of space-time
translations must also be considered and thus enters the group of Poincare´ transformations. In this
connection, consider the energy-momentum tensor in CCD, Tµν , which can always be made symmetric
[1]. Conservation of energy and momentum in a quantum field theory is a consequence of spacetime
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2translational invariance, one of the family of Poincare´ transformations. Consequently,
∂µTµν = 0 . (1)
Consider now a global scale transformation in the Lagrangian of the classical theory:
x→ x′ = e−σx , (2a)
Aaµ(x)→ A
a′
µ (x
′) = e−σAaµ(e
−σx) , (2b)
q(x)→ q′(x′) = e−(3/2)σq(e−σx) , (2c)
where Aaµ(x), q(x) are the gluon and quark fields. The Noether current associated with this transfor-
mation is the dilation current
Dµ = Tµνxν . (3)
In the absence of fermion masses, the classical action is invariant under Eqs. (2), i.e. the theory is scale
invariant, and hence
∂µDµ = 0 = [∂µTµν ]xν + Tµνδµν = Tµµ , (4)
where the last equality follows from Eq. (1). Plainly, the energy-momentum tensor is traceless in a
scale invariant theory.1
Massless CCD is not a meaningful framework in modern physics for many reasons; amongst them the
fact that strong interactions in the Standard Model are empirically known to be characterised by a large
mass-scale. In quantising the theory, regularisation and renormalisation of (ultraviolet) divergences
introduces a mass-scale. This is “dimensional transmutation”: mass-dimensionless quantities become
dependent on a mass-scale, and this entails the violation of Eq. (4), i.e. the appearance of the chiral-
limit “trace anomaly”:
Tµµ = β(α(ζ))
1
4G
a
µνG
a
µν =: Θ0 , (5)
where β(α) is the QCD β-function, ζ is the renormalisation scale, Gaµν is the gluon field-strength tensor,
and this expression assumes the chiral limit for all current-quarks.
There is a simple, nonperturbative derivation of this identity, which eliminates any need for a
diagrammatic or perturbative analysis [4]. Namely, under the scale transformation in Eq. (2a), the
mass-scale ζ → eσζ. Considering infinitesimal transformations of this type, it is straightforward to
show:
α→ σ αβ(α) , L → σ αβ(α)
δL
δα
⇒ ∂µDµ =
δL
δσ
= αβ(α)
δL
δα
. (6)
In order to compute the final product, one may first absorb the gauge coupling into the gluon field,
i.e. express the action in terms of A˜aµ = gA
a
µ, in which case the running coupling appears only as an
inverse multiplicative factor connected with the pure-gauge term:
L(α) = −
1
4piα
1
4
G˜aµνG˜
a
µν + α-independent terms, (7)
where G˜aµν is the field-strength tensor expressed using A˜
a
µ. It then follows that
Tµµ = ∂µDµ = αβ(α)
δL
δα
= αβ(α)
1
4piα2
1
4
G˜aµνG˜
a
µν = β(α)
1
4G
a
µνG
a
µν , (8)
viz. Eq. (5) is recovered.
It is worth emphasising here that the appearance of a trace anomaly has nothing to do with the
non-Abelian nature of QCD. Indeed, it will be apparent from the derivation just sketched that quan-
tum electrodynamics (QED) must also possess a trace anomaly. However, QED is nonperturbatively
undefined: four-fermion operators become relevant in strong-coupling QED and must be included in
order to obtain a well-defined (albeit trivial) continuum limit (see, e.g. Refs. [5–7]). As a consequence,
1 It is possible for a quantum field theory to be scale invariant but not conformally-invariant; but examples are
rare. In fact, there is no known example of a scale invariant but non-conformal field theory in four dimensions
under a small set of seemingly reasonable assumptions. For this reason, the terms are often used interchangeably
in the context of quantum field theory, even though the scale symmetry group is smaller. (See, e.g. Refs. [2; 3].)
3QED does not have a chiral limit. The QED trace anomaly is only meaningful in perturbation theory
and its scale is determined by the Higgs mechanism.
In the presence of nonzero current-quark masses, Eq. (5) becomes
Tµµ =
1
4β(α(ζ))G
a
µνG
a
µν + [1 + γ(α(ζ))]
∑
f
mζf q¯fqf , (9)
where mζf are the current-quark masses and [1 + γ(α)] is the analogue for the dressed-quark running-
mass of β(α) for the running coupling. (In fact, γ(α) is the anomalous dimension of the current-quark
mass in QCD.) It is notable that in the massive-case the trace anomaly is not homogeneous in the
running coupling, α(ζ). Consequently, renormalisation-group-invariance does not entail form invari-
ance of the right-hand-side (rhs) [8]. This is important because discussions typically assume (perhaps
implicitly) that all operators and identities are expressed in a partonic basis, viz. using simple field op-
erators that can be renormalised perturbatively, in which case the hadronic state-vector represents an
extremely complicated wave function. That perspective is not valid at renormalisation scales ζ . mp,
where mp is the proton mass; and this is where a metamorphosis from parton-basis to quasiparticle-
basis may occur: under reductions in resolving scale, ζ, light partons evolve into heavy dressed-partons,
corresponding to complex superpositions of partonic operators; and using these dressed-parton opera-
tors, the wave functions can be expressed in a relatively simple form. (A relevant illustration is discussed
in Refs. [9; 10].)
2 Magnitude of the Scale Anomaly: Mass and Masslessness
2.1 A binary problem
Simply knowing that a trace anomaly exists does not deliver a great deal: it only indicates that there
is a mass-scale. The crucial issue is whether or not one can compute and/or understand the magnitude
of that scale.
One can certainly measure the size of the scale anomaly, for consider the expectation value of the
energy-momentum tensor in the proton:
〈p(P )|Tµν |p(P )〉 = −PµPν , (10)
where the rhs follows from the equations-of-motion for an asymptotic one-particle proton state. At this
point it is clear that, in the chiral limit,
〈p(P )|Tµµ|p(P )〉 = −P
2 = m2p (11a)
= 〈p(P )|Θ0|p(P )〉 ; (11b)
namely, there is a clear sense in which it is possible to say that the entirety of the proton mass is
produced by gluons. The trace anomaly is measurably large; and that property must logically owe to
gluon self-interactions, which are also responsible for asymptotic freedom.
This is a valid conclusion. After all, what else could be responsible for a mass-scale in QCD? QCD
is all about gluon self-interactions; and it’s gluon self-interactions that (potentially) enable one to
rigorously (nonperturbatively) define the expectation value in Eq. (11). On the other hand, it’s only a
sensible conclusion when the operator and the wave function are defined at a resolving-scale ζ ≫ mp.
It will be necessary to return to this point.
There is also another issue, which can be exposed by returning to Eq. (10) and replacing the proton
by the pion:
〈pi(q)|Tµν |pi(q)〉 = −qµqν . (12)
Then, in the chiral limit:
〈pi(q)|Θ0|pi(q)〉 = 0 (13)
because the pion is a massless Nambu-Goldstone mode. Equation (12) could mean that the scale
anomaly vanishes trivially in the pion state, viz. that gluons and their self-interactions have no im-
pact within a pion because each term in the expression of the operator vanishes when evaluated in
4the pion. However, that is a difficult way to achieve Eq. (13). It is easier, perhaps, to imagine that
Eq. (13) owes to cancellations between different operator-component contributions. Of course, such
precise cancellation should not be an accident. It could only arise naturally because of some symmetry
and/or symmetry-breaking pattern; and, as will be argued below, that is precisely the manner by which
Eq. (13) is realised.
Equations (11) and (13) present a quandary, which highlights that no understanding of the origin
of the proton’s mass can be complete unless it simultaneously explains the meaning of Eq. (13). Given
that a massless particle doesn’t have a rest-frame, any approach based on a rest-frame decomposition
of the energy-momentum tensor (e.g. Refs. [11; 12]) cannot readily be useful in this dual connection.
2.2 Frame independent resolution
Both Eqs. (11) and (13) are Poincare´ invariant statements. Quantum field theories are the only known
realisation of the Poincare´ algebra in quantum mechanics with a particle interpretation. This entails
that asymptotic one-particle states are characterised by just two invariants [13], i.e. the eigenvalues of
M2 and W 2, where the former is the mass-squared operator and Wµ is the Pauli-Lubanski four-vector.
The eigenvalues of the mass-squared operator, m2, need no further explanation.
Concerning the Pauli-Lubanski four-vector, note that, by definition, Wµ contains no information
about orbital angular momentum: it is sensitive only to the total-spin of the system. For massive
particles, the eigenvalues ofW 2 are the products m2j(j+1), where j(j+1) is the rest-frame eigenvalue
of J · J, with J being the total angular momentum operator, viz. j is the particle’s spin. Since W 2 is
Poincare´ invariant, then the eigenvalues of J · J are the same in any frame.
In the massless case, the eigenvalues of W 2 vanish, the Pauli-Lubanski four-vector is proportional
to the four-momentum, and the constant of proportionality is the particle’s helicity. Consequently,
massless one-particle states are labelled by their helicity which, for fermions, is related to their chirality.
Massless fermions are either left-handed or right-handed and no Poincare´ transformation can alter the
assignment.
These statements entail that the only unambiguous labels that can be attached to a hadron state
are its mass and spin := total-angular-momentum; and different observers, characterised by distinct
reference frames, will only necessarily agree on these two quantities. Hence, e.g. no two observers
need necessarily agree on a massive hadron’s polarisation. Furthermore, in a quantum field theory,
no separation of the total angular momentum into a sum L + S can be Poincare´ invariant. Such a
separation is frame-dependent, and that includes frames made distinct by boosts. Consequently, no
two observers (or calculators) need agree on the values of 〈L〉 and 〈S〉, even though they will agree on
〈W 2 ∼ (L + S)2〉. This fact lies at the heart of the so-called “spin-crisis”, which could therefore have
been avoided. Finally, even using light-front quantisation, both the nature and size of contributions
from constituents to any observable property of the composite hadron itself change with resolving scale,
ζ. It seems, therefore, that a simultaneous elucidation of the meaning and consequences of Eqs. (11)
and (13) cannot satisfactorily be achieved by focusing on a particular reference frame and that the
picture one finds most satisfactory will likely depend on the scale at which the resolution is presented.
It is also worth recalling that CCD is still a non-Abelian local gauge theory. Consequently, the
concept of local gauge invariance persists. However, without a mass-scale there is no confinement. For
example, three quarks can be prepared in a colour-singlet combination and colour rotations will keep
the three-body system colour neutral; but the quarks involved need not have any proximity to one
another. Indeed, proximity is meaningless because all lengths are equivalent in a scale invariant theory.
Hence, the question of “Whence mass”? is equivalent to “Whence a mass-scale?”, which is equivalent
to “Whence a confinement scale?”. Thus, understanding the origin, Eq. (11), and absence, Eq. (13), of
mass in QCD is quite likely inseparable from the task of understanding confinement; and existence,
alone, of a scale anomaly answers neither question.
2.3 Value of a hadronic scale
As noted above, the energy-momentum tensor is typically considered in connection with partonic
operators, which are simple and can be computed perturbatively. In this approach, however, the wave
5functions are extremely complicated; and they have never been computed in four dimensions, even
approximately.2 The partonic perspective is valid for ζ ≫ ζ2 := 2GeV. It might be valid at smaller
scales, too; but it cannot be used for ζ . ζc ≈ 0.5GeV, which corresponds to the mass-scale at
which coloured two-point functions in QCD exhibit an inflection point. The value ζc is known from
continuum- and lattice-QCD analyses (see, e.g. Ref. [15] and citations therein).
Suppose one is working at renormalisation scales ζ ≥ ζ2. If one begins to speak about a wave func-
tion with a quantum mechanical interpretation, then it is necessary to employ light-front quantisation.
In this case, a hadron wave function, Ψ , is independent of the hadron’s four-momentum and, in princi-
ple, has a meaningful Fock-space decomposition [16]. On the other hand, it is not independent of the
renormalisation scale: Ψ = Ψ(ζ), such that the relative strength of each Fock-space element changes
with ζ. These changes are described by QCD evolution equations (e.g. Refs. [17–23]), which are known
to some low/finite-order in perturbative QCD. A method for evolving the light-front Hamiltonian to
scales ζ . ζc has long been sought, e.g. Ref. [24]. In this case, as already noted, the operators become
complicated, describing strongly-dressed quasi-particles; but the wave functions become simple, ex-
pressed in terms of a few quasi-particle degrees of freedom. The light-front holographic approach to
QCD [25] and Dyson-Schwinger equation (DSE) analyses [26–28] may be viewed as modern attempts
to achieve the goal identified in Ref. [24].
It is evident now that the question: “How does one understand a hadron’s mass in terms of the
contributions from its constituents and their interaction dynamics?” is ill-posed because the meaning
of the question depends on the energy-scale being used to probe the hadron and the reference frame
to which the question is addressed.
The DSEs are useful here because they provide a symmetry-preserving (and hence Poincare´ co-
variant) framework with a traceable connection to the Lagrangian of QCD. The known limitation of
this approach is the need to employ a truncation in order to define a tractable continuum bound-
state problem. That truncation might also involve an Ansatz for the infrared behaviour of one or
more coloured Schwinger functions, although that need is passing [29]. Concerning truncation, much
has been learnt in the past twenty years, so that one may now separate DSE predictions into three
classes: (A) model-independent statements about QCD; (B) illustrations of such statements using
well-constrained model elements and possessing a traceable connection to QCD; (C ) analyses that can
fairly be described as QCD-based but whose elements have not been computed using a truncation that
preserves a systematically-improvable connection with QCD.
The dressed-quark mass-function depicted in Fig. 1 is a Class-A prediction combined with a Class-B
illustration: owing to gluon self-interactions in QCD, massless quarks acquire a momentum-dependent
mass-function, which is large in the infrared. This figure is a clean demonstration of the scale anomaly
at work: zero parton-mass becomes a mass-function, whose value depends on the scale at which the
subsystem is probed.
3 Confinement and Dynamical Chiral Symmetry Breaking
3.1 Millennium Prize
The Clay Mathematics Institute has published a Millennium Prize Problem [33], whose solution will
contain a proof of confinement in pure Yang-Mills theory. The opening statement of the challenge
reads: “Prove that for any compact simple gauge group G, a non-trivial Yang-Mills theory exists on
R
4 and has a mass gap ∆ > 0.” There is strong evidence supporting the existence of a mass gap,
found especially in the fact that numerical simulations of lattice-regularised QCD (lQCD) predict
∆ & 1.5GeV [34]. However, even allowing for the Higgs mechanism, with this value of the mass
gap, one computes ∆2/m2pi & 100; and, therefore, a conundrum presents itself: can the mass-gap in
pure Yang-Mills theory really play any role in understanding confinement when DCSB, driven by
the same dynamics, ensures the existence of an almost-massless strongly-interacting excitation in our
Universe? If the answer is not no, then it must at least be that one cannot claim to provide a pertinent
understanding of confinement without simultaneously explaining its connection with DCSB. The pion
2 The problem of QCD in two-dimensions is discussed in Ref. [14]. However, two-dimensional theories have
little in common with their four-dimensional counterparts, so the analysis in Ref. [14] has not yet led to much
progress in four-dimensional QCD.
6Fig. 1 Renormalisation-group-invariant dressed-quark mass function, M(p): solid curves – DSE results, ex-
plained in Refs. [30; 31], “data” – numerical simulations of lattice-regularised QCD [32]. (N.B. m = 70MeV is
the uppermost curve and current-quark mass decreases from top to bottom.) The current-quark of perturbative
QCD evolves into a constituent-quark as its momentum becomes smaller. The constituent-quark mass arises
from a cloud of low-momentum gluons attaching themselves to the current-quark. This is dynamical chiral
symmetry breaking (DCSB): an essentially nonperturbative effect that generates a quark mass from nothing ;
namely, it occurs even in the chiral limit. The size of M(0) is a measure of the magnitude of the QCD scale
anomaly in n = 1-point Schwinger functions.
must play a critical role in any explanation of confinement in the Standard Model; and any discussion
that omits reference to the pion’s role is practically irrelevant.
From this perspective, the potential between infinitely-heavy quarks measured in simulations of
quenched lQCD – the so-called static potential [35] – is disconnected from the question of confine-
ment in our Universe. This is because light-particle creation and annihilation effects are essentially
nonperturbative in QCD, so it is impossible in principle to compute a quantum mechanical potential
between two light quarks [36–38]. It follows that there is no flux tube in a Universe with light quarks
and consequently that the flux tube is not the correct paradigm for confinement.3
DCSB is the key here. It ensures the existence of (pseudo-)Nambu-Goldstone modes; and in the
presence of these modes, it is unlikely that any flux tube between a static colour source and sink can
have a measurable existence. To explain this statement, consider such a tube being stretched between
a source and sink. The potential energy accumulated within the tube may increase only until it reaches
that required to produce a particle-antiparticle pair of the theory’s pseudo-Nambu-Goldstone modes.
Simulations of lQCD show [36; 37] that the flux tube then disappears instantaneously along its entire
length, leaving two isolated colour-singlet systems. The length-scale associated with this effect in QCD
is r6σ ≃ (1/3) fm and hence if any such string forms, it would dissolve well within a hadron’s interior.
An alternative realisation associates confinement with dramatic, dynamically-driven changes in
the analytic structure of QCD’s coloured propagators and vertices. That leads these coloured n-point
functions to violate the axiom of reflection positivity and hence forces elimination of the associated
excitations from the Hilbert space associated with asymptotic states [41]. This is a sufficient condition
for confinement [26; 42–45]. It should be noted, however, that the appearance of such alterations when
analysing some truncation of a given theory does not mean that the theory itself is truly confining:
unusual spectral properties can be introduced by approximations, leading to a truncated version of a
theory which is confining even though the complete theory is not, e.g. Refs. [46; 47]. Notwithstanding
exceptions like these, a computed violation of reflection positivity by coloured functions in a veracious
treatment of QCD does express confinement. Moreover, via this mechanism, confinement is achieved
as the result of an essentially dynamical process.
3 It is sometimes argued that hadron bound-states lie on linear Regge trajectories and there must therefore
be a flux tube. However, empirical evidence for the existence of such towers of states tied to parallel, linear
trajectories is poor, e.g. Refs. [39; 40]; the potential required to produce such trajectories is dependent both
on the frame and the quantisation-scheme employed, i.e. their appearance and nature is strongly dependent
on the model used; and no approach whose parameters can rigorously be connected with real-world QCD has
ever produced such trajectories.
7Figure 1 highlights that quarks acquire a running mass distribution in QCD; and this is also true
of gluons (see, e.g. Refs. [15; 29; 48–52]). The generation of these masses leads to the emergence of a
length-scale ς ≈ 0.5 fm, whose existence and magnitude is evident in all existing studies of dressed-
gluon and -quark propagators, and which characterises the dramatic change in their analytic structure
that has just been described. In models based on such features [53], once a gluon or quark is produced,
it begins to propagate in spacetime; but after each “step” of length ς , on average, an interaction occurs
so that the parton loses its identity, sharing it with others. Finally a cloud of partons is produced,
which coalesces into colour-singlet final states. This picture of parton propagation, hadronisation and
confinement can be tested in experiments at modern and planned facilities [54–56].
3.2 Nambu-Goldstone modes
Returning to Eq. (13), suppose now that the Higgs mechanism is active, in which case
〈pi(q)|Θ|pi(q)〉 = (mζu +m
ζ
d)
ρζpi
fpi
(14)
where [57; 58] fpi is the pseudovector projection of pion’s Bethe-Salpeter wave function onto the origin in
configuration space (pion’s leptonic decay constant) and ρζpi is the analogous pseudoscalar projection.
4
Plainly,“heavy”-quarks play no role in generatingmpi via the trace anomaly, so they’re probably not
going to play a large part inmp. In fact, Class-B and -C DSE analyses indicate that, with physical values
of the Higgs-generated current-masses, explicit mass terms for u- and d-quarks contribute fu+d = 6%
of the proton mass and that of the s-quark, just fs = 2% [60–62]. These predictions are consistent with
contemporary lQCD results [63; 64]. There is no concrete reason to expect a material contribution
from quarks with larger current-masses and arguments to suggest that they are small. For example,
simple scaling within the frameworks used to produce the preceding fractions suggests that c-quarks
contribute . 0.1% of mp, viz.
fc = fs
f2K
f2D
m2K
m2D
Mc
Ms
≈ 0.1 , (15)
where fK,D are meson leptonic decay constants, mK,D are meson masses, andMs,c are constituent-like
quark masses [65; 66].
The rhs of Eq. (14) only involves light-quark current-masses. However, this does not mean that
gluons contribute nothing to the pion’s mass because both fpi and ρ
ζ
pi are order parameters for DCSB,
confinement leads to DCSB, gluons generate confinement, and consequently gluons are at least respon-
sible for the strength of ρζpi/fpi and hence the rate at which mpi increases with current-quark mass.
Gluons actually play a far greater role than this, as will be discussed further below.
In addressing the pion mass and its connection with DCSB, it is crucial to grasp some basic identities
in QCD. To that end, consider the pion’s Bethe-Salpeter amplitude:
Γpi(k;P ) = iγ5 [Epi(k;P ) + γ · P Fpi(k;P ) + γ · kk · P Gpi(k;P ) + σµνkµPν Hpi(k;P )] . (16)
In the chiral limit the axial-vector Ward-Green-Takahashi identity entails the following array of
Goldberger-Treiman relations [57; 67]:
f0piE
0
pi(y, w = 0;P
2 = 0) = B0(y) , (17a)
F 0A(y, w = 0;P
2 = 0) + 2f0piF
0
pi (y, w = 0;P
2 = 0) = A0(y) , (17b)
G0A(y, w = 0;P
2 = 0) + 2f0piG
0
pi(y, w = 0;P
2 = 0) = 2A′0(y) , (17c)
H0A(y, w = 0;P
2 = 0) + 2f0piH
0
pi(y, w = 0;P
2 = 0) = 0 , (17d)
where y = k2, w = k ·P , F 0A, G
0
A, H
0
A are regular functions that appear in the axial-vector vertex, and
the chiral-limit dressed-quark propagator is
S0(p) = 1/[iγ · pA0(p
2, ζ2) +B0(p
2, ζ2)] = Z0(p
2, ζ2)/[iγ · p+M0(p
2)] . (18)
4 The extension to charge-neutral pseudoscalar mesons is readily accomplished following Ref. [59].
8It follows that in the chiral limit, DCSB is a sufficient and necessary condition for the appearance of a
massless pseudoscalar bound-state that dominates the axial-vector vertex on P 2 ≃ 0 and whose con-
stituents are described by a momentum-dependent mass-function, which may be arbitrarily large. Fur-
thermore, the appearance of a dynamically-generated nonzero mass-function in the solution of QCD’s
chiral-limit one-quark problem entails, through Eqs. (17) in general, and Eq. (17a) in particular, that
the isospin-nonzero pseudoscalar two-body problem is solved, well-nigh completely and without addi-
tional effort, once the solution to the one-body dressed-quark problem is known; and, moreover, that
the quark-level Goldberger-Treiman relation in Eq. (17a) is the most basic expression of Goldstone’s
theorem in QCD, viz.
Goldstone’s theorem is fundamentally an expression of equivalence between the one-body
problem and the two-body problem in QCD’s colour-singlet pseudoscalar channel.
Eqs. (17) are a Class-A prediction. They are model-independent, gauge-independent and scheme-
independent: any continuum approach to bound-states in QCD that faithfully expresses and preserves
chiral symmetry and the pattern by which it is broken will generate these identities. There are numerous
Class-B illustrations (see, e.g. Ref. [68] and references thereto).
It follows from Eqs. (17) that pion properties are an almost direct measure of the mass function
depicted in Fig. 1. Moreover, these identities are the reason the pion is massless in the chiral limit and
indirectly the explanation for a proton mass of around 1GeV. Thus, enigmatically, properties of the
nearly-massless pion are the cleanest expression of the mechanism that is responsible for almost all the
visible mass in the Universe.5
Given its importance, one might ask whether the dressed-quark mass function is observable; and
this issue is now readily addressed. As just noted, Eqs. (17) entail that in the neighbourhood of the
chiral limit, the dressed-quark mass function (almost) completely determines the pion’s Bethe-Salpeter
wave-function. Thus, like a wave function in any field of physics, the dressed-quark mass function is not
strictly observable. On the other hand, no one can reasonably doubt the enormous value of possessing
(nearly) complete knowledge of a bound-state’s wave function. Moreover, the pion’s Poincare´-covariant
Bethe-Salpeter wave function can be projected onto the light-front. The object thus obtained is strictly
a probability amplitude and the moments of a probability measure are truly observable. Consequently,
there is a mathematically strict sense in which moments of the dressed-quark mass function are ob-
servable. One should note in addition that generalised parton distributions can rigorously be defined as
an overlap of light-front wave functions [70–73]. Practically, therefore, the dressed-quark mass function
can be “measured” because it influences and determines a vast array of experimental observables and
there is at least one tractable framework, the DSEs, through which to relate those observables to QCD.
In this sense, M(p2) is as readily observable as, e.g. the parton distribution amplitudes and functions
which are the focus of a wide variety of extant and proposed experiments.
3.3 Positive and negative contributions from the trace anomaly
Return again now to Eq. (13). The pion’s Poincare´-invariantmass and Poincare´-covariantwave function
are obtained by solving a Bethe-Salpeter equation. This is a scattering problem. In the chiral limit,
two massless fermions interact via exchange of massless gluons, i.e. the initial system is massless; and
it remains massless at every order in perturbation theory. The complete calculation of the scattering
process, however, involves an enumerable infinity of dressings and scatterings, as illustrated in Fig. 2.
This can be represented by a coupled set of gap- and Bethe-Salpeter equations. At ζ = ζ2, it is practical
to build the kernels using a dressed-parton basis, viz. from valence-quarks with a momentum-dependent
running mass produced by self-interacting gluons, which have given themselves a running mass.
In the chiral limit one can prove algebraically [74–77] that, at any finite order in a symmetry-
preserving construction of the kernels for the gap (quark dressing) and Bethe-Salpeter (bound-state)
equations, there is a precise cancellation between the mass-generating effect of dressing the valence-
quarks and the attraction introduced by the scattering events. This cancellation guarantees that the
simple system, which began massless, becomes a complex system, with a nontrivial bound-state wave
5 Additional notable consequences of DCSB are described, e.g. in Ref. [69], which explains some of the results
that follow from the fact that the leptonic decay constant of every radially-excited pseudoscalar meson must
vanish in the chiral limit.
9Fig. 2 Some of the contributions to the quark-antiquark scattering kernel, K : solid line with open circle,
dressed-quark propagator; open-circle spring, dressed-gluon propagator, and shaded (blue) circle at the junction
of three gluon lines, dressed three-gluon vertex. The contribution drawn in the second row is an example of an
H-diagram. It is two-particle-irreducible and cannot be expressed as a correction to either vertex in a ladder
kernel nor as a member of the class of crossed-box diagrams.(Additional details are provided in Ref. [74].)
function that is attached to a pole in the scattering matrix, which remains at P 2 = 0, i.e. the bound-
state is also, therefore, massless.
The precise statement is that in the pseudoscalar channel, the dynamically generated mass of the
two fermions is precisely cancelled by the attractive interactions between them, if and only if, Eqs. (17)
are satisfied. It can be expressed as follows:
〈pi(q)|θ0|pi(q)〉
ζ≫ζ2
= 〈pi(q)| 14β(α(ζ))G
a
µνG
a
µν |pi(q)〉
ζ≃ζ2
→ 〈pi(q)|D1 + I2|pi(q)〉 , (19a)
D1 =
∑
f=u,d
Mf(ζ) Q¯f (ζ)Qf (ζ) , (19b)
I2 =
1
4 [β(α(ζ))G
a
µνG
a
µν ]2PI , (19c)
which describes the metamorphosis of the parton-basis chiral-limit expression of the expectation-value
of the trace anomaly into a new expression, written in terms of a nonperturbatively-dressed quasi-
particle basis, with dressed-quarks denoted by Q and the dressed-gluon field strength tensor by G.
Here, the first term is positive, expressing the one-body-dressing content of the trace anomaly. Plainly,
a massless valence-quark (antiquark) acquiring a large mass through interactions with its own gluon
field is an expression of the trace-anomaly in what might be termed the one-quasiparticle subsector of a
complete pion wave function. The second term is negative, expressing the two-particle-irreducible (2PI)
scattering-event content of the forward scattering process represented by this expectation-value of the
scale-anomaly. This term acquires a scale because the couplings, and the gluon- and quark-propagators
in the 2PI processes have all acquired a mass-scale. Away from the chiral limit, and in other channels,
such as the proton, the cancellation is incomplete. It is worth reiterating that these statements can be
verified algebraically.6
The fact that a Poincare´-invariant analysis of the simultaneous impact of the trace anomaly in the
pion and proton cannot yield a sum of terms that is each individually positive precludes a useful “pie
diagram” breakdown of the distribution of mass within a hadron.
4 Conclusion
Explanations of the origin of a hadron’s mass and its distribution within that state depend on the ob-
server’s preferred frame of reference and resolving scale. At a scale typical of contemporary continuum-
and lattice-QCD (ζ = ζ2 := 2GeV), the dynamical chiral symmetry breaking (DCSB) paradigm pro-
vides an excellent and intuitive method to explicate and understand the associated, emergent phe-
nomena. This perspective leads to numerous predictions that can be tested at contemporary hadron
6 Notably, if dealing with exotic or hybrid bound-states possessing a valence-gluon degree-of-freedom, then
the D1 term in Eq. (19) would also include an explicit and positive gauge-invariant contribution associated
with the dynamical generation of a dressed-gluon mass. Moreover, such cancellations are a typical feature of
bound-state problems, apparent already in both rudimentary and sophisticated uses of quantum mechanics
[78].
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physics facilities, related e.g. to hadron elastic and transition form factors, and a diverse array of parton
distribution amplitudes and functions.
At this point it is reasonable to enquire after the possible impact of new facilities, such as an
electron ion collider (EIC), on our understanding of the emergence of mass in the Standard Model. In
response, one should first note that an EIC will enable access to a wide array of phenomena within the
valence-quark domain, and, consequently, the predictions made for contemporary facilities are equally
relevant for an EIC and might there be better be addressed. In addition, hadron tomography will
be a major focus of an EIC; and the DCSB paradigm has a great deal to say about that subject,
providing a means for the QCD-connected computation of the pointwise behaviour of generalised and
transverse-momentum-dependent parton distributions. Finally, a major focus of an EIC will be low-x.
Gluons dominate in this region; but they also acquire a dynamically-generated mass. That is likely
to have a significant impact, e.g. in connection with gluon saturation phenomena. The challenge for
theory now, therefore, is to identify those observables which are most sensitive to the emergence of
mass as described above. There is time; but also some urgency.
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